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The aim of this work is to determine and construct all the continuous maps f  
such that the origin is a stable equilibrium for the system 
ir + xf(x) = 0, 
0 1988 Academic Press, Inc. 
9 + Yf(X) = 0, (x. Y) E w. 
1. INTRODUCTION 
We know very little about the Liapunov stability of the equilibrium for 
nonconservative mechanical systems with purely positional forces. 
Let us consider the case of a central force 
jt + xf(x, y) = 0, j; + m, Y) = 0, (x9 Y) E RZ, (l-1) 
where f is continuous. We examine the question: For which maps f is the 
origin a stable equilibrium? 
If f(0, 0) > 0 then the force is attractive and one could at first think that 
the stability always occurs as in the conservative case where the 
Lagrange-Dirichlet theorem can be used. This naive conjecture is false as 
first conjectured by A. Barone and M. 0. Cesar and later proved by 
Barone and the author in [3], where the system 
2 + xf( x) = 0, 9 + Yf(X) = 0, fECO(A$), OEA=RcR (1.2) 
was considered. In [3] we found more than only a counterexample for the 
aforementioned naive conjecture, we obtained large classes off for which 
instability occurs and we completely solved the problem of the stability for 
feven: the equilibrium is then stable only in the trivial case, i.e., wheneverf 
is locally constant at zero and f(0) > 0. 
* The bulk of this research was done while the author was at the “Instituto de Matematica 
e Estatistica” of the USP, SHo Paulo, Brazil. The work was completed at the “Institut fiir 
Mechanik” of the THD, Darmstadt, W. Germany. In both cases the author was supported by 
a CNR fellowship. 
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In the sequel we deal with the problem of the stability for (1.2) only. 
Furthermore we assume that f(0) > 0, since f(0) < 0 trivially yields the 
instability. 
Now one could formulate a conjecture exactly opposite to the previous 
one: Is stability possible just in the trivial case? The answer to this question 
is negative; in [4] Barone and Cesar found the stable cases 
f(x) = (P + 4x) -39 PEq, qER (1.3) 
using an interesting argument on the existence of energy-like first integrals. 
They proved that (1.2) has such a first integral if and only if the map f 
belongs to the class in (1.3). Furthermore they showed that the instability 
is generic (at least in the case where f E C’ and f “(0) exists). In fact (for 
these maps) they proved that the stability of the origin implies the relation 
3f(o)f"(o)=(2f'(o))*. (1.4) 
The instability is generic and the family of stable cases (1.3) is very special 
because only in that situation we have pseudo-energy conservation, 
therefore it is natural to ask: Is the stability possible only for the maps in 
(1.3)? 
This paper answers in a negative way and finds the class of all stable 
cases. This class is very large: given arbitrarily fo C”( 68 + ; R) with f(0) > 0, 
there exists a continuous extension f: R + R, of J: for which the stability 
occurs. Moreover, any two of these extensions coincide in some 
neighbourhood of zero. 
We give also another (injective) construction of the typical stable case 
starting from any even C’ map which vanishes at zero and from the value 
f(O)'O. 
Section 2 is a short exposition of some results of [3] which makes this 
paper self-contained. Section 3 introduces the maps to be used in the sequel 
and Section 4 contains the aformentioned results on the stable cases. 
In Section 5 we make some remarks on the papers [3,4]. In particular 
we prove again the stability for (1.3) and we find again (1.4) which holds 
whenever the stability occurs and f “(0) exists (f is not necessarily C’ as in 
[4]). However, we can have stability even when (1.4) does not make sense, 
i.e., when f”(0) does not exist. 
Section 6 gives a different proof of the results on the stability using an 
integral equation similar to Abel’s equation. In this section we only 
consider the case wheref”(0) exists. (The “inversion formula” so obtained 
still holds for a continuous f but the proof is much longer.) Finally, we 
introduce some results on the unstable cases which are permitted by this 
proof-see the remark in Section 6. 
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2. PRELIMINARIES 
Let us consider the system (1.2). The origin is an equilibrium. Iff(O)<O 
then the equilibrium is unstable as can be seen from the motions along the 
y axis. Thus, in the sequel we suppose f(0) > 0, or better 
f (0) = 1. (2.1) 
This is not restrictive (consider the transformation t H [f(O)] 1/2 t). 
The system (1.2) is positional but it is conservative just in the trivial case 
f= const. Moreover it has the first integrals 
and 
jx-iy (2.2) 
it2 + 2u(x), where u(x) = [I <f(t) d<. (2.3) 
The “potential energy” o is C’ and admits 
u”(0) = lim - = “‘(x) f(0) = 1. 
x-to x 
Thus, v has a strict minimum at x= 0 and the origin is a stable isolated 
equilibrium for the equation jl+ xf(x) = 0. All its orbits (in some 
neighbourhood of the origin in the x, i-plane) are periodic and enclose the 
origin (the origin is a center). For the corresponding motions we have uni- 
queness (which can be proved by using (2.3)). Let t H x(t, x0, Ao)--briefly 
x( ., x0, f,)-be the solution with x(0, x0, a,) = x0 and $0, x0, io) = 1,. 
We can just consider the case where x0 >O and 1, = 0, the general case 
being trivially obtained by a time translation. Let t(x,) be the period of 
x( ., x0, 0) and let 
t,(O) = min{ t E R + : x(t, x0,0) = 0). (2.4) 
Now, consider jj + yf(x) = 0 and plug x( ., x0, 0) into it. We obtain the 
linear equation 
j + yf(x(t, x0,0)) = 0. (2.5) 
It is a Hill equation whose coefficient has t(x,) as period. We already know 
that x( ., x0, 0) is a solution also of (2.5) with the period t(x,). 
Let d,, = x( ., x0, 0)/x,, so that b,(O) = 1 and d,(O) = 0. Moreover, let 
LIAPUNOV STABILITY 257 
$,VO be the solution of (2.5) with $,(O) = 0 and 4, = 1. We see at once that 
d,, is even and $,, is odd. Furthermore 
either all the solutions of (2.5) are t(x,) periodic, or any 
solution y,( .) with j,(O) # 0 is unbounded, the former case 
happens if and only if 
&MxoY2) = 0 (2.6) 
(see [3, Proposition 1 ] or deduce from [2, Chapter 1 ] or from other 
books). 
If y,,( -) is a solution of (2.5), then (x( -, x,,, 0), y,( .)) is a solution of 
the system (1.2). Figure 1 shows one of these unbounded motions in the 
x, y-plane. 
In [3] we obtained a condition equivalent to (2.6) in the following way. 
Consider the solution qXO of (2.5) with qX0(t(x,,)/2) = 0 and dX0(t(xo)/2) = 
$&(x,)/2). The first integral in (2.2) has the same values for 
(x( ., x,,, 0), u,,( .)) and (x( ., x0, 0), II/,.,( .)). Therefore the two trajectories 
pass through the same point of the y axis (in the x, y-plane) at the instant 
t,,(O) in (2.4). If at that instant the two velocities also coincide, then the 
motions coincide and, in particular, $&(x,)/2) = ~&(x,)/2) = 0. Thus 
all the solutions of the equation (2.5) are periodic if and only if 
(2.7) 
FIG. 1. Example of an unbounded motion in the x, y-plane for 2 + (0.5 +x2 +x3) x = 0, 
j+ (0.5 +x2+x’)y=O, x,=0.5, y,=o, c&=0, jo=o.4. 
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The usefulness of this condition is related to the formula 
[2u(x0)]“* s” ri[2(u(x+u(s))]-“*d~} (2.8) 
x 
and to the analogous expression for rj,(t,(0))/~, which can be obtained 
from the right hand side of (2.8) by using 0- instead of 0+ and 
h(x,)=max{xE II- : u(x) = u(x,)} 
instead of x0. Finally we observe that 
(2.9) 
the origin is a stable equilibrium for the system (1.2) if and 
only zf there exists a E W*, such that (2.7) holds for any 
x E 10, a[. 
3. THE MAPS u, h, k, 1 
Let the maps f and u be as in Section 2 and let us consider 
U: x H (sgn x)[~u(x)]‘/*; thus U(x)’ = 20(x), 
where sgn x is the sign of x. Clearly 
(3.1) 
lim [2u(x)/x*] = f (0) = 1 yields U’(0) = 1. 
X+-O 
Furthermore, U’(x) = (xf (x)/U(x)) + c’(O) > 0 as x + 0. Therefore there 
exists a maximal interval J, with 0 E J= 1, such that u = ii I J is a C’ 
diffeomorphism onto a symmetric interval I. 
Let us define 
h:J+J, XH u-y -u(x)), thus u(h(x)) = u(x). (3.2) 
This definition agrees with (2.9) and we have 
hEDiff’(J), hoh=id, h(O)=O, h’(O)= -1. (3.3) 
Furthermore we easily see that 
Remark 1. A counterclockwise @-rotation of the graph of h yiel& the 
graph of an euen map K E C’ with z(O) = 0. 
If the orbit y of i = z, i + xf (x) = 0, passes through (x0, 0), with x0 E J, 
then y is periodic and intersects the x axis also at (h(x,), 0). 
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Now let us introduce the “key map” of our problem, 
k: J- (0) --) Iw, 
2 1 1 
xw-+---. 
4x1 h(x) x 
In general the limit of k(x) as x + 0 does not exist. However, 
kE C’(J- (0); [w), k(h(x)) = -k(x) forany XEJ- (01, 
lim xk(x) = 0, lim x’k’(x) = 0. 
x-0 X-+0 
(3.5) 
We shall be interested also in the case where f admits f “(0), so that f’ 
exists in a neighbourhood of zero. A calculation leads to the following: 
LEMMA. Zf f ‘(0) exists, then 
lim k(x) = 0. 
X-+0 
(3.6) 
Zf f “(0) exists, then we also have 
lim k,(x) = -f “(0) + Cf’K912 
X-+0 4 3 . 
In the sequel we shall use also the map 
(see (2.7)). 
(3.7) 
Remark 2. 1(x0) = 0 tff all the solutions of the equation (2.5) are 
periodic. Furthermore, the origin is a stable equilibrium for the system (1.2) 
iff there exists a E rW: such that I(x) = 0 for any positive x < a-see the end 
of Section 2. 
Finally let us introduce the maps X, K, and L, which are simply related 
to the previous maps: 
X=u-‘:Z-+J, 
K: I- (0) + R, zwk(X(z))=2+ 
1 1 
z x<-~’ 
L:ZnIW*, +Iw, z H 1(X(z)). 
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We have 
KE C’(Z- {O}; W), K(-z)= -K(z) foranyz, lim zK(z) = 0. 
2-O 
4. THE STABILITY THEOREM 
Let the mapsf, u, U, h: J + J, k, 1, be as in Section 3. 
PROPOSITION 1. Zfk1]0,a[=OforsomeaER*,, thenl1]0,a[=O. 
Proo$ By (2.8) and the analogous expression for rj,,(t,(O))/x,, we have 
4x0) = ,ty+ 
1 
--~+[2u(xo)]“*jXo~-*[~(u(x~)-u(~))]-~’*~~ h(x) 
x 
- C24xo)l”* [::“’ t-*PWo)- u(O)1 -“* 4) 
A change of variable in the last integral and the relation h’(h(x)) h’(x) = 1 
(see (3.3)) yield 
4x0) = xly+ h(x) {++Jr[$-$$$I[ 1 -E]-“‘dt}. (4.1) 
This expression and 
imply 
I(x,)=~!~+ k( I+ ( x j-;k’(+-(-$-$-1’2dt}. I (4.2) 
Let [0, a[ c J then the condition k(x) = 0, for all x E IO, a[ u h(]O, a[), 
is equivalent to k I 10, a[ = 0. Furthermore this holds iff 
xh(x) * 
u(x)=2 - [ 1 h(x) - x (4.3) 
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or, equivalently, 
f(x) = (x - h(x))3 4h(x) (x2h’(x) -h(x)*) (4.4) 
for all XE 10, a[ uh(]O, a[). 
PROPOSITION 2. Let fe C”(B; R), B = B c IF& 0 E B, f(0) = 1, and let 0, ii, 
Ii, k, 4 be associated with f as v, u, h, k, I, are associated with f: If h and h 
(are defined and) coincide over some interval IO, a[, and l(x) = T(x) for all 
x~]O,a[, then f(x)=f(x) for all x~]O,a[ uh([O,a[). 
Proof: Let us consider (4.1) with C instead of v. The limit of the 
difference (of the expression so obtained and the one for v) yields 
for any x E 10, a[. This easily gives 
$(!&!$@[$-=&]d(x,s)ld~=O (4.5) 
for any XE 10, a[, where 
Let us observe that, in the preceding integral, only 
(4.6) 
may change the sign. The function g(x) = V(x)/v(x) for XE 10, a[, and 
g(0) = 1, is continuous because 
lim y(x)- lim x’(x)= 1 
x-rov(x) X-oxf(x) 
and (4.6) coincides with < H g(x) - g( 5). 
Now, let us fix arbitrarily by 10, a[ and let us consider the set 
{XE [0, b]: g(x) = max g I [0, b]}. (4.7) 
It is compact. Let c be its minimum. The number c cannot be strictly 
positive because, in that case, the integral in (4.5) with x= c should be 
strictly positive. Therefore c = 0 and g(0) = max g 1 [O, b]. 
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In the same way we show that g(0) = min g 1 [0,6] by starting from the 
set {x E [0, b]: g(x) = min g 1 [0, b]} instead of the set in (4.7). 
Thus g 1 [0, b] is constant. Since b is arbitrary we then have g = const. 
This yields D(x) = u(x) for any XE [0, a[. Now h(x) = h(x) for any 
x E [0, a[ implies D(X) = u(x) for any x E [0, a[ u h( [0, a[) which yields the 
result. 1 
THEOREM. k 1 IO, a[ = 0 fir some u E RF if and only if 1 I 10, a[ = 0. 
Proof: For the first part see Proposition 1. Let [O, a[ c J and let 
11 ]O,u[=O. Define B=[O,u[uh([O,u[) and letf:B-,R be defined by 
the right hand side of (4.4) for any x # 0, and by f(0) = 1. We thus have a 
continuous map whose associated maps I?, k, h: B + Iw, li, 4 have the follow- 
ing properties: 6 agrees with the right hand side of (4.3), ti = h 1 B (because 
U 0 h = ti), rF = 0. Therefore Proposition 1 yields I= 0. By Proposition 2 we 
then have f=f 1 B and this implies k 1 B = k = 0. 1 
COROLLARY. The origin is a stable equilibrium for f + xf (x) =0, 
jj + yf (x) = 0, with f E Co and f (0) = 1, if and only if (4.4)--or equivalently 
(4.3 )--holds in some neighbourhood of zero (zero excluded) (see Remark 2 
in Section 3). 
Now, let us construct the set of maps f which yield stability. We know 
that the validity of 
2 1 1 --- - 
u(x) x+h(x)=’ 
(4.8) 
for every x > 0 small enough, is necessary and sufficient for stability. So let 
us give an arbitrary continuous map f defined for the x20 (in some 
neighborhood of 0), and with f (0) = 1. Then we define u(x) as in (2.3) for 
x > 0. Now formula (4.8), with u(x) = (2u(x))‘12, defines h in some interval 
10, a[ and we can choose a >O such that the conditions h 0 h = id and 
h(0) = 0 (see (3.3)) extend h to a CL diffeomorphism of some open interval 
J onto itself. Finally we extend u and f to a neighbourhood of 0 (and we 
use the same symbols u and f for the extended maps) by setting u(h(x)) = 
u(x) and f(x) = u/(x)/x. Clearly any further extension gives a case of 
stability. A noteworthy property of the aformentioned construction is the 
uniqueness: if we give f for x > 0 then there is a unique continuous exten- 
sion which yields stability. More precisely the uniqueness holds up to the 
equivalence which defines the germs at zero. 
Another construction is obtained by observing that any h: J+ J which 
satisfies (3.3)-where J is an open interval containing zero-through (4.4) 
gives a map f for which stability occurs. A construction of the typical 
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aforementioned map h can be obtained in the following way (see Remark 1 
in Sect. 3). Let us start from any C’ even map K vanishing at zero and let 
us operate a clockwise x/4-rotation of its graph. In this way we obtain a 
curve which (is not necessarily the graph of a function but) after a suitable 
restriction, yields the graph of a map h: J-P J which satisfies (3.3) with J 
interval of R, 0 E J= 1. For example h(x) = 1 + x - (1 + 4x)“’ is obtained 
from K(t) = (a/2) <*. 
Also this second construction yields all the stable cases. 
5. ON THE RESULTS OF THE PAPERS [3] AND [S] 
If f is even, then u is even, u is odd, and h = -id. Therefore Condition 
(4.8) is equivalent to u(x) =x in this case. This yields u(x) = x2/2 and 
finally f (x) = 1. So we find again the main result of [3]: for an even f the 
origin is a stable equilibrium for the system (1.2) if and only if f is locally 
constant at zero. 
Barone and Cesar’s case f(x) = (1 + qx)-‘-see (1.3) with f (0) = l- 
gives 
1 1 ---= 
4x1 x 
4 for any x; 
therefore 
k(x)=2 l 
u(x) + h(x) --‘=[&-:]-[&&)I=~ x 
So we find again the stability of the equilibrium for this case (proved 
in [4]). 
Finally, if f admits f “(O)---so that f ‘(0) also exists-then the lemma in 
Section 3 gives 
lim k'(x) = _f "(O) 
4+ 
Cf ‘(‘)I* 
x-0 3 . 
Thus in the stable cases we have 3f “(0) = (2f ‘(O))* which is (1.4) when 
f (0) = 1. This is Barone and Cesar’s relation (which shows that instability 
is generic) found in [4] in the case where f E C’ and f “(0) exists. Let us 
remark that we can have stability even when (1.4) does not make sense, i.e., 
when f “(0) does not exist. 
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6. USING ABEL EQUATION 
Formula (4.2) yields at once 
L(z)=Fyo 
i 
K(w)+zf=K’(q)(z2-t12)-1/2d~ ) 
I 
(z>O) (6.1) 
w  
(for the definitions of L and K see the end of Section 3). 
Let us assume that f”(O) exists. Thus the lemma in Section 3 permits one 
to extend the map k to the whole J. Let us call k also the extension so 
obtained. Therefore 
k(O)=O, kEC’(J; W) and similarly K(0) = 0, K = k 0 X E C’(I; R). 
(6.2) 
When f”(0) exists Formula (6.1) becomes 
L(~)=zj;K’(tj)(z~-rj~)-~‘~dq (z > 0). (6.3) 
The change of variables 6 = sin- ‘(q/z) yields 
L(z) = z i,“’ K’(z sin 19) dtJ 
and we can also extend L to zero, 
L(0) = 0, LE CO(Zn R,; R). 
(6.4) 
(6.5) 
Now, if we view (6.3) as an integral equation similar to Abel’s (see, e.g., 
[ 1 I), then we have 
j; (z~-$-“~ L(q) dq =j; (z2- Y2)-“2 c (so’ (c2-~2)--‘2 K’(q) dq) d[ 
=; K(z). 
We arrive at the inversion formula 
K(z)=ff; L(q)(z2-rj2)-1/2dq. (6.6) 
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In particular, we can use this formula to prove again (in the case where 
f”(0) exists) that I ( 10, a[ = 0 implies k 1 10, a[ =0 (see the theorem in 
Section 4). Thus we find again that (4.4) gives all the stable cases. 
Remark. The inversion formula (6.6) still holds in the general case of a 
continuous f: The proof is much longer than the previous one because our 
integrals in general do not exist in the Lebesgue sense but we have Riemann 
improper integrability. We can use the inversion formula to deal with the 
unstable cases from the following point of view: give I which satisfies suitable 
conditions and a continuous f just defined for x > 0, then extend f (to 
a neighbourhood of zero) so that the (restriction of the) previous map 1 
(to some neighbourhood of zero) corresponds to f in the sense of Section 3. 
In this way we can construct some curious unstable cases with 
II Ca,+l, a,] = 0, for every natural odd number n, where a,, > a, + 1 > 0 and 
a,+Oasn+co. 
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